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The Theory of Relativity

The Equivalence Principle: gravity affects all
bodies in the same way, independently of the
body's composition.

The dynamic field is the spacetime metric: guv

Spacetime curves in the presence of matter

according to Einstein’s equation:
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Ricci Scalar Stress-Energy

Curvature Curvature Tensor

In the absence of matter we get Einstein’s vacuum equation:

R,, =0




The Setup

The spacetime metric in matrix form:

—f 0 0
o 0 gi11  4g12

L 0 g21 @20
0 0 0

We get the spacetime interval:
—dss —f(—dt- "4 ) g drdss el —1 )

Physical assumptions:  Includes Schwarzschild metric,
913 = g23 = 0 Kerr metric, Einstein-Rosen

f=f(t,2) metric, Bianchi metrics, Kasner

T —u o metric and many more...




Einstein’s Equation

Use ‘light-cone’ coordinates: t=¢(—-—n 2=(+7n

Einstein’s vacuum equation:
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det (g) = a”
am=0= a((,n)=a(()+bmn) BL(n)=alf)—b(n)
Belinski & Zakharov (1978) found a Lax pair for the g(¢,n) eq.




The Inverse Transform

5 Can skip this step when gg is diagonal

Take a particular o
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Define the dressing matrix:
Ry,
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Get a Sol'itonic
solution!
g = x(0) g0

Ry, can be expressed in terms of %y



Diagonal Metrics

237 —28)

go = diag(ae”®, ae

e n-soliton solution can be written explicitly in this
case, but will depend on the functions px:

O+ [k
& — [k
& — [

Cannot always | pr,¢c =
be integrated

analytically. | Pk,

Vi— 1 —0ee
— (6—wk)(—1:

Write: pr = plio) - pél)sk -+ p,(f)ei + ...

— (et a recursive relation for px in terms of s only!



One-Soliton on Einstein-Rosen Background

Einstein-Rosen metric: el

t—r —23) t — W

go = diag(ae®®, ae
ZH—1 a(r t) = . ; 2Jo(r)sin(t)
T — 6 ’ | 9.7, (r) cos(t)

i st = Jylr)smit)

One-soliton solution:

- 1 (uielr + afe P1)es o |
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f = fov/ap cosh <a2p_1 2>
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In this case the functions px are given by:

2.J1(r) sin(t)

r

pr(r,t) = 2Jy(r) sin(t) — 2J1(r) cos(t)er + [Jo( )sin(t) — ] e O
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—> Solution can be extended.

What happens in the limite — 1?
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Two Solitons

In this case there are two integration constants: wi,w2 € R

The light-cones divided spacetime into 6 regions:
r

I, VI : The two-soliton region 5
— Wk

[T : The two-soliton ‘“interaction” region t
A

I1, V : One-Soliton regions

IV : Background metric




